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Universitat Politècnica de Catalunya (UPC BarcelonaTech)
C/ Jordi Girona 1-3, Campus Nord, 08034 Barcelona, Spain
Email: guozhiming@live.cn (Guo), yongxing.shen@upc.edu (Shen)
Web page: http://www.lacan.upc.edu/
†School of Mechatronic Engineering
North University of China
Xueyuan Road 3, 030051 Taiyuan, Shanxi, China
E-mail: guozhiming@live.cn - Web page: http://www.nuc.edu.cn/
‡Key Laboratory for Mechanics in Fluid Solid Coupling Systems
Institute of Mechanics, Chinese Academy of Sciences
#15, Bei Si Huan Xi Lu, Haidian District, Beijing, China 100190
Email: liumoubin@imech.ac.cn - Web page: http://lmfs.imech.cas.cn//
Key words: Explosive Fracture, Smoothed Particle Hydrodynamics, Elasto-damage
Model, Rock Fracture, Meshfree Method
Abstract. In this paper we study explosive fracturing with smoothed particle hydro-
dynamics (SPH). As a particle based Lagrangian method, SPH is particularly suited to
the analysis of fracture due to its full Lagrangian frame and capacity to model large
deformation. We adopt the Jones-Wilkins-Lee equation as equation of state of the trini-
trotoluene (TNT) explosive and a continuum elasto-damage model to predict the fracture
of the rock. We predict the evolution of damage using the strain history of each particle.
To strengthen the interaction of coupling interfaces we use a penalty function to avoid
penetration between different material particles.
1 INTRODUCTION
Explosive fracturing is an important approach in industries such as shale gas explo-
ration, shale oil exploration, rock excavation, and mineral and ore processing. This tech-
nique has been effectively used by a few countries. Since the earliest days of blasting
with black powder there have been steady developments in explosives, detonation and the
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understanding of the mechanics of rock fracture by explosives, but the fundamental mech-
anisms of rock damage are not yet fully understood in many aspects. Hence, approaches
for studying fracture have been heavily dependent on empirical relations based on exper-
imental data of the laboratory scale. Duvall and Fogelson [1], Langefors and Khilstrom
[2], and others have published blast damage criteria for buildings and other surface struc-
tures. All of these criteria relate blast damage to peak particle velocity resulting from
the dynamic stresses induced by the explosion. Both the dynamic stresses induced by the
detonation and the expanding gases produced by the explosion play important roles in
the fragmentation process, but it is difficult to study the details about this mechanism.
On the other hand, numerical simulations, as an effective mean, can help understand
and predict complex exploding and fracture processes. Of the many available methods,
mesh-based methods seem inadequate in tracking the motions of the fragments. Instead,
most existing methods for this problem fall in one of two categories of methods.
One category of methods, such as the discrete element method [3, 4], explicitly tracks
the motion of fragments. Another category of methods models the solid as a damaging
body, such as [5, 6, 7, 8, 9]. Damage inhibits the transmission of tensile stress between
particles, and once it reaches unity, the particle is unable to transmit tensile stress, re-
sulting in a macro-crack. Connected macro-cracks lead to complete fragmentation. We
also mention here damage models for various kinds of solids [10, 11, 12, 13].
One possibility of discretizing the continuous equations of a damage model is to use
the smoothed particle hydrodynamics (SPH). SPH was initially developed to solve astro-
physical problems[14] Due to its special features and advantages, it has been applied to
various areas in engineering and sciences [15].
In this paper, we study the explosive fracturing of rock mass with the SPH method.
This process involves the explosion of TNT, the interaction of exploding gas and rock, and
the fracture of rock. To model the rock, we employ a modified version of the Grady-Kipp
model [16]. The SPH is suited for modeling explosive fracture because it is insensitive to
disordered particle distribution, a consequence of the fast expansion of explosive gas and
rapid deformation and fast damage on materials.
The rest of this work is organized as follows. In Section 2 we state the problem we
want to solve and give the governing equations. In Section 3 we discretize these governing
equations with the SPH method. Finally in Section 4 we verify our results by numerical
examples.
2 PROBLEM STATEMENT
We study the damage of a piece of rock mass during the detonation and explosion
of trinitrotoluene (TNT) explosive in a preexisting crack. For simplicity we will confine
ourselves to two-dimensions (2D) within this work. In this section we will introduce the
governing equations that model the coupled problem of explosive fracturing. In particular,
Section 2.1 states the conservation laws and Section 2.2 gives the constitutive equations
and equations of state for both phases: the damaging rock and the exploding gas.
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2.1 Conservation laws
In the Langrangian frame, the motion of both the rock mass and the explosive is






























of which the first equation is the definition of the velocity, and the second, third, and
fourth equations represent the conservation of momentum, mass and energy, respectively.
Here superscripts α, β = 1, 2 denote the component index in the Cartesian coordinates,
for which repeated indices imply summation from 1 to 2. Quantities x, v, ρ, e, and σd
are the position vector, velocity vector, density, energy, and the damaged (Cauchy) stress
tensor, respectively. Among these, the damaged stress tensor describes the effect of the
material damage in terms of a modification of the undamaged stress tensor σ. Derivative
D/Dt denotes the total derivative, or termed material derivative.
2.2 Constitutive equations and equations of state
Below we specify the constitutive equations and equations of state for the rock mass
(Section 2.2.1) and the explosive gas (Section 2.2.2). In this part we closely follow [16].
2.2.1 The rock mass
In the sequel we first describe how we model the undamaged stress tensor σ, and then
detail how we take into account the damage effect.
The undamaged stress tensor. For the rock, the undamaged stress tensor consists
of two parts:
σαβ = −Pδαβ + Sαβ, (2)
where δαβ is the Kronecker delta, P is the elastic pressure, and S is the deviatoric stress
tensor. We assume the elastic pressure is proportional to the change in density:
P = c2(ρ− ρ0), (3)
where ρ0 is the reference density, ρ is the current density and c is the longitudinal wave
speed of the solid material.
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On the other hand, we can express the deviatoric stress S with Hooke’s law using the









+ SαγΩγβ − ΩαγSγβ, (4)






















The damaged stress tensor. We adopt a modified form of Grady-Kipp model [16] to
predict rock damage based on the local stress history and flaw distribution. This model
is based on the Weibull distribution of flaws. As many other models, the modified Grady-
Kipp damage model defines a scalar parameter D such that 0 ≤ D ≤ 1 to characterize
the volume-averaged micro-fracture of the volume of material based on the strain history.
Material with D = 0 is undamaged and is able to transmit the full tensile load, whereas
material with D = 1 is fully damaged and cannot transmit any tensile load, thus creating
a partial macro-crack [10].
Specifically, the damaged stress σd and the undamaged stress σ are related as follows.
Let the principal components of σ be σ1 and σ2 and the corresponding principal directions





The principal components of σd are then obtained from
σad =
{
(1−D)σa, if σa ≥ 0,
σa, otherwise,
for a = 1, 2. In other words, tensile stresses are only partially transmitted through
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where we have absorbed the material parameters in [16, 10] into a single one, C. The









where σmax = max{0, σ1, σ2} is the maximum positive principal stress, and K is the bulk
modulus of the material.
In the subsequent calculations, the onset time tonset is defined as the first instant when








where mj and ρj are the particle mass and density to be introduced later, and k and m
are parameters of the Grady-Kipp model.
2.2.2 The explosive gas
For the explosive gas, as the isotropic pressure is much larger than components of
viscous shear stress, the viscous shear stress can be neglected, hence
σαβ = −pδαβ,
where the hydrodynamic pressure p is related to the internal energy e according to the















η + ωηρ0E, (8)
where η = ρ/ρ0 is the ratio of the density of the explosive gas to the initial density of
the original explosive. Parameters A, B, R1, R2 and ω are coefficients obtained by fitting
experimental data, and E is the initial internal energy of the high explosive per unit mass.
Values of the corresponding coefficients are listed in Table 1.
Table 1: Parameters used in the JWL equation for TNT.
Parameter ρ0 A B R1 R2 ω E
Quantity 1630 317.2 3.21 4.15 0.95 0.30 4290
Unit kg ·m−3 GPa GPa kJ · kg−1
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2.3 Coupling conditions
At the interface, the velocity and pressure of the two phases are continuous, i.e.,
vαgas = v
α
rock, pgas = prock.
3 SMOOTHED PARTICLE HYDRODYNAMICS METHOD
3.1 Basic concept
We start by representing an arbitrary function f(x) with discrete values at particles






fjW (x− xj, h), (9)
where mj and ρj denote the mass and density of particle j, respectively, h is the smooth
length, and W , usually called a kernel or kernel function, is a smoothing function repre-
senting a weighted contribution of the particles. This smoothing function should satisfy
some basic requirements. Detailed discussions on the smoothing function, its basic re-
quirements and constructing conditions can found in [15]. In this work, we choose the
Gaussian kernel





where r := |r| and αd is a dimension-dependent constant related to the smoothing length.
In 2D, αd = (πh
2)−1.










∂cW (x− xj, h)
∂xβ
, (10)
where ∂c/∂xβ is an approximation to ∂/∂xβ. This approximation involves a kernel cor-
rection, which we will elaborate in Section 3.2.
Specializing (9) and (10) to x = xi and using fi
.

























Wij := W (xi − xj, h) = W (|xi − xj|, h).
















where i = 1, . . . , N and β = 1, 2.
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3.2 Kernel gradient correction
In this paper, we improve the kernel gradient in SPH approximations with a kernel
gradient correction (KGC) technique [20]. In the KGC technique, a modified or corrected
kernel gradient is obtained by multiplying the original kernel gradient with a local re-
versible matrix Li, which is obtained from Taylor series expansion method. In 2D, the
new kernel gradient of the smoothing function ∇ciWij can be obtained as follows















































3.3 SPH discretization of motion equations
We will obtain SPH discretization equations by applying SPH approximations (11)
along with the approximate consistency equations (12) to (1). For stability concerns,






































































where subscripts i and j denote particle numbers, and all approximate equal signs “
.
=” are
replaced with equal signs for brevity. The derivation of all equations of (14) is straight-
forward except for the last one, for which we refer the reader to [15, Chapter 4].
For particle i, the SPH equations for the strain rate i and the rotation tensor Ωi
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3.4 Artificial viscosity and artificial heat
The artificial viscosity is used in SPH method to stabilize the numerical scheme, prevent




















(ci + cj), ρij :=
1
2




In the above equations, αΠ and βΠ are constants that are typically set around 1.0. Symbol
ci denotes the longitudinal wave speed of particle i. The viscosity term associated with
αΠ produces a bulk viscosity, while the second term associated with βΠ, which is intended
to suppress particle interpenetration at high velocity, is similar to the von Neumann-
Richtmyer artificial viscosity.













qij := qi + qj, qi := αΠhiρici|∇ · vi|+ βΠh2i ρi|∇ · vi|2.
3.5 Interaction between phases
The summation in (14) only takes into account particles of the same species. Between
different particles, in this case between a solid particle and a gas particle, a force is
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Figure 1: The initial configuration of the numerical example, which consists of a sandstone of a rectangular
shape with an elliptical void.





4 − (r0/rij)2] (xij/r2ij), if rij < r0,
0, otherwise,
where Dint is a parameter proportional to the square of the largest velocity, and r0 is on
the scale of the initial spacing of the particles.
3.6 Time integration
We use the leap-frog (LF) method to advance in time because it is efficient and needs
to store only a small amount of memory [21]. As a typical explicit method, it is subject
to the Courant-Friedrich-Levy (CFL) condition for stability, which typically results in a





∇ · vi + ci + 1.2(αΠci + βΠ|∇ · vi|)
,
where ξ = 0.3 is the Courant number.
4 NUMERICAL EXAMPLES
As a preliminary study, we model a typical sandstone of a rectangular shape with an
elliptical void. The size of the rectangle is 2m×1m and the major and minor axes of the
void are 1.6m and 0.2m, respectively. The sandstone has a bulk modulus of 12.2 GPa,
a shear modulus of 2.67GPa, and a density of 2300kg/m3. Here the Weibull damage
parameters involved in the damage model are k = 6.35× 1046 and m = 12.8, respectively.
As a result, the parameter C in the Grady-Kipp model takes the value of 4.604 × 1018.
The geometry and material properties of the rock are from [22]. The boundaries of the
rock are free, which will be changed to a fixed boundary in the near future. The specimen
domain was discretized using particles in an initial rectangular grid pattern with a spacing
of 0.02m.
Figure 1 illustrates the initial configuration, Figure 2 and Figure 3 show the snapshots
of the damage parameter at different times with free boundary and fixed boundary re-
spectively. We can see that damage originates from the part of the rock closest to the
9
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(a) 50µs (b) 100µs (c) 150µs
(d) 200µs (e) 250µs (f) 300µs
Figure 2: Snapshots of the damage parameter D at various times with free boundary. We can see that
damage originates from the part of the rock closest to the explosive and then the tips of the void due to
expansion of explosive gas. There is spalling at upper and down boundary.
explosive and then the tips of the void due to expansion of explosive gas. In the example
with free boundary, the spalling is accompanied at top and bottom of rock mass.In the
example with fixed boundary, obviously we can see spalling and collapse of inner domain
of the rock mass and the artifact due to the fixed boundary, which we will change to a
non-reflected boundary in the near future.
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